BOUNDARIES OF CYCLE SPACES 
AND DEGENERATING HODGE STRUCTURES 

TATSUKI HAYAMA 

Abstract. We study a property of cycle spaces in connection with degener- 
ating Hodge structures of odd-weight, and construct maps from some partial 
compactifications of period domains to the Satake compatifications of Siegel 
spaces. These maps are a generalization of the maps from the toroidal com- 
pactifications of Siegel spaces to the Satake compactifications. We also show 
the continuity of these maps for the case for the Hodge structure of Calabi-Yau 
r^ threefolds with h^'^ = 1. 
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1. Introduction 



A cycle space is a space which parametrizes some compact manifolds of a do- 
main of a flag manifold. This is studied in the field of complex geometry (e.g. 
Fels, Huckleberry and Wolf |FH W| ) . Our aim is to study period domains for pure 
Hodge structures by using the theory of cycle spaces and apply it to the study of 
2 , degenerating Hodge structures. To be more specific we aim to study the partial 

compactifications of period domains introduced by Kato and Usui }KUj . We will 
show results about the partial comapctifications for some degenerations by using a 
p^ ■ property of cycle spaces. Especially for the case for the Hodge structures of Calabi- 

^ I Yau threefolds with h^'^ = 1 we will show an explicit calculation and a further 

C^ ' result for this case. 

t"*- , 1.1. Period domains and the partial compactifications. By the Classical 

^^O ■ works of Griffiths [Gj , a variation of Hodge structure gives the horizontal map to 

^f) [ the period domain called the period map . Kato and Usui |KUj constructed par- 

^^ ■ tial compactifications so that period maps can be extended for some degenerating 

^N I Hodge structures. They showed these partial compactifications are moduli spaces 

of some degenerating Hodge structures called log Hodge structures. If we consider 
the Hodge structures of curves or K3 surface, period domains are Hermitian sym- 
metric domains. For Hermitian symmetric domains there are several ways to make 
compactifications. Especially toroidal partial compactifications |AMRT) are coin- 
ed ■ cide with the partial compactifications of |KU] if period domains are Hermitian 
symmetric. This partial compactifications are given by fans, then the properties of 
fans effect on the properties of geometry on the partial compactifications. jAMRT) 
gave the constructions of fans which give compactifications. 

For a general period domain, [KIT showed fundamental geometric properties of 
the partial compactifications of period domains using log geometry. The partial 
compactifications are not analytic spaces but analytic spaces with slits called log 
manifolds. In contrast with Hermitian symmetric case we do not have a construction 
of fans to make compactifications, and it is expected not to exist such fans, if period 
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domains are not Hermitian symmetric. Moreover we do not have a construction of 



a complete fan |KUI Definition 12.6.1]. Then the construction problem of fans are 
still remained. 

In this paper we will discuss about the partial compactifications related to the 
special fans for period domains for odd-weight Hodge structures. We will show that 
some properties on these special partial compactifications. 

1.2. Cycle spaces. We review cycle spaces briefly following |FH W] . Let D be a 
period domain. Then D is an open orbit of the flag manifold D called the compact 
dual. Here the real Lie group G act on D transitively. Fixing a base point Fq of 
D, the isotoropy subgroup Lq is compact, which is maximally compact if, and only 
if, D = G/Lq is a Hermitian symmetric domain. Taking the maximally compact 
subgroup Kq containing Lq we have the orbit Co = KqFq, which is a compact 
submanifold contained in D. The cycle space A^^i is a set of all gCo with g G Gc 
which is contained in D. 

In this paper we treat D for odd-weight Hodge structures. By shifting, we may 
assume the weight is —1. In this case we have 

(1.1) G^Sp{n,R), Lo = Y[U{nj), Ko^U{n), Co = Xo/io 

i>o 
where 'Y^a'tij = n and {nj}j depends on the Hodge numbers (see |CMP| ). Here 
G/Kq is isomorphic to the Siegel space ^ of degree n and we have the real analytic 
map 

D ^ G/Lo -^ G/Kq = M'. 
Now Kq = Lq if, and only if, h^'^P^^ — for p 7^ 0, 1 (the case for Hodge structures 
of curves). Moreover Md — J^ ^i Kq — Lq- 

We are mainly interested in the case for Lq ^ Kg, i.e. the case where D is not 
symmetric space. In this case the cycle space can be written hy Md — -^ x -^ 
where M" is its complex conjugate by |FHW) . Since ^ is a familiar object, M.u 
is easier to study than D itself. In our last paper [H] we show some properties of 
M.D in connection with 5L(2)-orbits. In this paper we will give a generalization of 
this result in ProDOsition l2.4l 

1.3. Degenerating Hodge structures. On the other hand, we regard a nilpotent 
orbit as a degenerating Hodge structure by Schmid fS^ and Cattani, Kaplan and 
Schmid |CKSj . A nilpotent orbit is given by a rational nilpotent cone of LieC 
and an orbit in D defined by this nilpotent cone. Boundary points of the partial 
compactifications of period domains are corresponding to nilpotent orbits. 

Let (T be a nilpotent cone, and let B(cr) be the set of all cr-nilpotent orbits. For 
a fan E of nilpotent cones we denote by Ds the union of B(cr) for cr e S, where 
the component B({0}) for 0-cone is D. Taking a subgroup F of the discrete group 
G% which is compatible with S, V\Dy:, is the partial compactification related to E. 
We will define an even- type (resp. odd-type) nilpotent cone a in Definition 12.61 and 
the Satake boundary component B5(cr) of M' corresponding to a. By using the 
property of the cycle spaces (Proposition 12. 4p we will construct the map 

p"^ : B{a) -^ Bs(ct), (resp. p°^ : B(a) -^ Bj{a)). 

If Z? is a Siegel space, p°^ coincides with the map ^ given by [CCK] (see Example 

ESI). 



Theorem 1.1. Let E be an even-type (resp. odd-type) fan (Definition [K 
let T be a subgroup of Gz which is compatible with E. Then we have the map 
p°^ (resp. p°'^) from the partial compactification T\D-s defined by Kato and Usui 
[KUj to the Satake compactification T\J^s (resp. T\J^g). If D is a Siegel space, 
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p'^^ coincides with the map from the toroidal partial compactification to the Satake 
compactification. 

Moreover an even-type (resp. odd-type) cone a gives a nilpotent orbit for Jf 
(resp. Jf ). We denote by Btoi(cr) the boundary component of J^a- We will define 
the map 

f'' : B(a) ^ Btor(^) (resp. p°'' : B(a) ^ KM)- 
If Z? is a Siegel space, p°^ is the identity. Then we will obtain the following theorem: 

Theorem 1.2. Let E be an even-type (resp. odd-type) fan, and let T be a subgroup 
of Gi which is compatible with S. Then we have the map p°"^ : T\D-s — >■ T\Ji^ 
(resp. p°'^ : T\Dy: — )■ r\J^^), which factors through the map of Theorem \l.l[ If 
D is a Siegel space, p°^ is the identity. 

Finally we have the following commutative diagrams: 





r\jif. 



where Ecv is an even-type fan and Sod is an odd-type fan. 

1.4. The (l,l,l,l)-case. We will study these maps in detail for the case of the 
Hodge structures of Calabi-Yau threefolds with h^'^ = 1. This case is geometrically 
corresponding to the quintic mirror family or the Borcea-Voisin mirror family (see 
[GGKlj ). and the nilpotent orbits are explicitly described and classified by Kato 
and Usui |KU] . Then we know the constructions of the fans Sov and Sod and these 
nilpotent orbits in this case. By using it we will describe the maps p°^,p°'^,p°^ and 
p°'^ and show the following proposition: 

Proposition 1.3. In this case, p°^ and p°'^ (therefore p'^^ andp°'^) are continuous. 

Here the topology of T\Dy. is the strong topology, which makes these continuous. 
Remark that the even-types and the odd-types are not parallel. In fact p°'^ is not 
surjective although p'^^ is and Sod is not a part of a fan of a toroidal compactification 
although Sov is. Especially the following diagram holds for the even-case (see 
Remark [ 




r\^s.„ 



y\Di 



where r\.?^j^^ is a toroidal compactification of the Siegel space J^ of degree 2. 



1.5. Further problems. How to construct Scv and Sod and the property of 
p°^,p°'^,p°^ and p°'^ beyond the above case is unknown. We expect that p°^ and 
p°'^ have a good geometric property similar to the Siegel case. Since the toroidal 
compactifications and the Satake compactifications are well known, we expect that 
these maps are helpful to study the geometry of T\Ds^^ and r\D^^^. 

On the other hand Green, Griffiths and Kerr |GGK2| recently study Mumford- 
Tate domains. Kerr and Pearlstein |KP| investigate a relationship between bound- 
ary components of Munmford-Tate domains and the Kato-Usui boundary compo- 
nents. I expect that our study of Kato-Usui boundary components are connecting 
with the study of boundary components of Mumford-Tate domains. 
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2. Even-type and Odd-type Degenerations 

Let {Hz, Fo,{ , )) be a polarized Hodge structure of weight —1 where Hz is Z- 
module, Fq is a filtration of He '■= Hz (^ C and ( , ) is a non-degenerate alternating 
bilinear form on Hz- We have the period domain D and its compact dual £) by [U]. 
Here D is written as a homogeneous space on which the real Lie group G acts. As 
in (|l.ip . G ^ Sp{n,M) and the isotropy subgroup Lq is isomorphic to ri7>o ^(^i) 
where rij is the Hodge number h^'~^^^. We write LieG ~ g. 

2.1. M-split LMHS v^fith iV^ ^ q. Let A^ e g be a nilpotent with A^ = and let 
F G D. We have the monodromy weight filtration W{N) such that 

W{N)o = Hu, W^(A)_i =KerA, VF(A)_2 == Im A 

(which is shifted by —1 from the original definition of the weight filtration). We say 
{W{N), F) is a limiting mixed Hodge structure (LMHS) if the following properties 
hold: 

• {W{N),F) is a mixed Hodge structure; 

• A : Grp ^ ' ^ Gr_2 gives a (—1, — l)-morphism of Hodge structure; 

• (•, A^») gives a polarization for Gr _-^ ' (j — 0, 1). 

Now we have the Deligne decomposition He = ®„ . „^o -1-2 -^^'' letting 

jP,, ^pP^ W{N)j,+,.c n {F'i n W{N)j,+,.c + Y, F«-^"+i n l^(A)p+,_,. c), 

which gives Hodge decomposition on each graded quotient part. We assume that 
the LMHS is M-split, i.e. the Deligne decomposition is defined over M. By [CKSi 
Lemma 3.12], exp {zN)F € D for Imz > 0. 

Lemma 2.1. Let v G 1^'^^. For z G C with Imz > 0, exp{zN)v is in the 
{p, —p — l)-component of the Hodge decomposition with respect to exp {zN)F. 

Proof. Now exp {zN)v G exp {zN)FP. Moreover v G F~p and Nv € F~^~^ since 
the LMHS is R-split. Here 

Nv = exp (2 A) (Aw) € exp {zN)F-t-^ , 

V - zNv = exp {zN)v - 2zNv € exp {zN)F~p~^. 

Then 



exp {zN)v = v + zNv = v- zNv € exp (zA)F-p-i. 

n 

Let He = ®„H'P'^'P^^ be the Hodge decomposition with respect to exp(2:A)i^ 



^,zNjp,~p ^ p[P,-p-l ^zN j-p,p ^ jj-p,p-l 



for Im z > 0. By the above lemma, 

^zN j-p,p _ gzNjp,-p I- JJ-p-i,P gZNjp,-p _ ^zNj-p,p ^ p[P-^~P 

We write 

(2.1) Hf-^-^ = /P:-p-i^ 7fP'-P-i = e^^/P'-P, H^-^-^ = ^zN jp+i,^p^i ^ 
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Then the (p, —p — l)-coniponent has the decomposition 

(2.2) HP^-p-i ^ Hf^-P-^ © RP^-P'^ ® HP--P-\ 

Remark 2.2. By [Sj Lemma 6.24], He can be decomposed into the direct sum 
of the subspaces which are invariant and irreducible with respect to the Hodge 
structure. Here every irreducible subspace is isomorphic to H{p) (g) S{—2p — 1), 
with p < —1, or E(p, q) (g) S{—p — 9— 1), with p + q < —1. The relationship between 
this decomposition and the decomposition (12.21) is written as follows: 



RP'-P-^ ® H-P-^^P 
is the direct sum of the {E{p, —p — 1) (E) 5(0))-type components, 

HP'-P~^ © HP"^'~P ® H-P'P-^ ® H-P-^'P 
= jp.-p j-p,p jp-i,-p-i j-p-i,p-i 

is the direct sum of the {E{p — 1, —p — 1) ® 5(l))-type components for p> 1, and 

is the direct sum of the (iJ(— 1) S'(l))-type components. 

2.2. Cycle spaces and SL(2)-orbits. Let (N, F) be a pair which generates a 
LMHS with N^ = 0. By pTS. Proposition 2.20] there exists S G L^^''\W{a),F) 
uniquely such that {W{a),e-'^F) is R-split LMHS. We write F = e^'^F. By 
SL(2)-orbit theorem ((S] Theorem 5.13], |CKS[ §3]), there exists the Lie group 
homomorphism p : SL(2,C) — ?> Gc defined over R and the holomorphic map </> : 
P^ ^- I? satisfying the following conditions: 

• p{9)Hz) = (f>{gz); 

• -^(0) - F; 

• p,(n_)-iV; 

• Hv = {p + q + l)w for V e JP''^ where p*(h) = H; 

• p, : s[(2,C) — > gc is a (O,0)-morphism of Hodge structure where q (resp. 
s[(2,R)) has a Hodge structure of weight relative to (/)(i) (resp. i), 

where {n_,h, n+,} is the standard generators of s/(2,C). We fix Fq = ip{i) = 
exp {iN)F as a base point of D. We write 

X = -{iN - H + iN+) 

where iV+ = p^{n^). Then X is in the (—1, l)-component of the Hodge decompo- 
sition of 0c with respect to Fq and X^ = 0. Let He = ^ HP'^p~^ be the Hodge 
decomposition with respect to Fq. By Lemma [2.11 for v G Jp-^p we have 

u = exp {iN)v e HP'-P-^ 

Then Xu G HP^^'^p . We denote by || • || the norm induced by the polarization 
with respect to Fq. Scaling v, we may assume ||w|| = 1. 

Lemma 2.3. Xu = — exp {—iN)v and \\Xu\\ = 1. 

Proof. By the property of the s/2-triple, 

N+Nv = V, N+Nv = V, N+v = N+v = 0, 

Hv = v, Hv ^ V, HNv = ~Nv, HNv == -Nv. 



Then 



Xu = -{iN - H + iN+){v + iNv) 
— —V + iNv = — exp {—iN)v. 
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Next we show \\Xu\\ = 1. Let a = {v,v), b — {Nv,v), c — {v,Nv) and d = 
{Nv,Nv). Then by the orthogonahty and the positivity 

{u, u) = a + ib — ic + d = i^ ^^ , {u, Xu) = —a — ib — ic + d = Q, 
{Xu, u) = —a + i5 + ic + rf = 0. 

Since v € F^ and v e F^^, a = 0. Therefore the simultaneous equation induces 
d = 0, 6 - c = i-2p-2 and (Xu.Yu) = a - ib + ic + d = -^-^p-i. Then \\Xu\\ = 
i^P-\Xu,X^) = 1. D 



Then X gives the isomorphism 

JP 



X : RP'^p^^ -^ HP^^'~P; exp {iN)v ^ - exp {-iN)v. 



Therefore we have 

(2.3) i^P+^exp {zX)u, exp {zX)u) = 1 - |z|2. 

If v' e JP'^P is orthogonal with v for (•, Ni), 



(2.4) (exp {zX)u, exp {zX)u') = 

where u' — exp {iN)v' . 

For the Hodge numbers {hP'~P~^}p, we define 

/p, = Yl '^'''"'■"'' /od = E ^'■'"'■"'- 

r>p, ^^P, 

r: even r: odd 

The maximally compact subgroup Kq is isomorphic to the unitary group U{n) as in 
(|l.ip . and the orbit Co = -K'o-fo is a compact submanifold of D by |FHW[ Lemma 
5.1.3]. The cycle space is defined by 

Md = {gCo IgCocD, ge Gc}- 

If A'o = Lq, i.e. Z? is a Siegel space, Co is the base point Fq and Aio = D. We 
describe A4d for the case where Kq ^ Lq following IFHWi §5.5B]. Here Co can be 
written as 

Co = {F e i^ I dim (FP n iJ<=^) = !l,, dim (F^ n i/°^) = /„PJ 

where 

^'^ = ^^'^ ^"'^ = ^^''- 

p: even p: odd 

Let V and VF be complementary ( , )-isotropic n-dimensional subspaces of 7?c, and 
let 

Ckm/ = {F^b\ dim (F^ n y) = Jl,, dim (F'' n W) = /„^J. 
Here Co = Gu^^j^aA and gCv_w — Cgv,gW for .g G Cc- By using this, the cycle 
space is described as 

Md - {Gv.wl F > and W^ < for - i(., i)}. 

Now G/Kq is isomorphic to the Siegel space ^ of degree n. Moreover J^ is 
isomorphic to the bounded symmetric domain B of type-Ill. Then we have 

{V^ C -ffc I dimF = n, V^ > 0, (V^, V) =0}^J^'^B, 

{W cHcl dimW = n, VF < 0, {W, W) =0} = Jf = B. 

By [FHWI §5.4] or [Hi Proposition 2.5] we have the isomorphism 
Md^BxB] Gf^vw) ^ {V, W). 

Proposition 2.4. exp(X)Co is in the closure Mf) of Md if N^ — 0. 
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respect to exp{iN)F. Since XiJf'^^"^ = XH^'^^^^ = 0, then 

^Xjjp,p-l ^ ^P,P-1 ^^XjjP,p-l JJP:P~\ 



Proof. Now we have the decomposition HP' p ^ = Q,^ 2 3 ^f ^ o^ (12. 2p with 

Here the above componets are orthogonal with each other, and by (|2.3p and (|2.4p 
e'^ H2'^^ is non-negative (non-positive) for i^P~^(»,») if p is even (resp. odd). 
Then e^ H'"' (resp. e^ H°'^) is in the cfosure S'^' (resp. 6^^') . D 

Remark 2.5. If A^^ ^ q, e^Co need not to be in M% (See [HI proposition 4.6]). 

2.3. Maps to the Satake boundary components. We caU {a, exp {<jc)F) is a 

nilpotent orbit if it satisfies the fohowing conditions: 

• cr is a cone in g where we can choose generators of a over Q; 

• Any elements of a are commutative with each other; 

9 F ^ D and exp (zN)F e Z) for Im z 3> and for N in the relative interior 

• NFP C PP^'^ for iV e cr. 

The above conditions do not depend on the choice of F G exp {ac)F- By |CK] the 
monodromy weight filtration W{N) does not depend on the choice of TV € cr° (we 
denote it by W{a)), and {W{a),F) is a LMHS by [S]. 

Definition 2.6. A nilpotent orbit {a, exp {ac)F) is called even-type (resp. odd- 
type) if iV^ — for N in the relative interior a° and IP'^p = for any odd (resp. 
even) integer p with respect to the LMHS {W{a), F). A nilpotent cone a is called 
even-type (resp. odd- type) if every (T-nilpotent orbit is even- type (resp. odd- type). 
A fan E is called even-type (resp. odd-type) if any face of E is even-type (resp. 
odd-type) 

Let (cr, exp (crc)F) be a nilpotent orbit of even-type or odd-type. For {N, F) with 
N €: a° , we have the compact submanifold Co G Md as in the previous subsection. 
By Proposition [231 exp {X)Co G M%. If Kq ^ Lq, Md = B x B. We then define 
the two projections 



If Kq = Lq, we define p'^^ as the canonical isomorphism A^'5 -^ B and p as the 

cl 
D 



complex conjugation map A4% ^ B'^^ — > B"^^ 



Ttieorem 2.7. If the nilpotent orbit is of even-type (resp. odd-type), p°^{exp {X)C'o) G 

C^' (resp. p°'^ (exp (AT) Co) ^ B ) does not depend on the choice of N ^ a° and 
F G exp {ac)F. 

Proof. By Lemma [2.11 u = exp {iN)v G i/f'^^^ for v G IP'^p . By Lemma 

(2.5) exp {X)u = exp {iN)v - exp {-iN)v = 2iNv G e^iJf'"P^\ 

and for u' — exp (iN)v G H2^'^~ , 

exp {X)u' = exp {iN)v - exp {-iN)v = 2iNv G e^ H^'"'^^^ . 

Since H^'~^ ~ for even (resp. odd) p by the definition, then 

e^i/-^ (i/fP-i®e^i7P'P-i)= i/fP-i®Im7Vc, 

p: even p: even 

(resp. e^iJ°'^= i/f^"' ® Im A^c)- 

p: odd 
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Here ImiV = W{(j)-2 does not depend on the choice oi N E a° . Moreover Hf'~^~ 
is in the kernel of the action of crc and Lg '^ {W{a),F). Then e^ H°'^ (resp. 
gX jjodj jQQg QQ^ depend on the choice of F e exp {ac)F and N E a°. D 

The Satake boundary components of B is corresponding to the set of real isotropic 
subspaces of Hr ([HI Proposition 4.4]). We denote by Bs(cr) the Satake bound- 
ary component corresponding to the real vector space W{a)-2- The boundary 
point p^^{exTp{X)Co) (resp. p°'^{exp{X)Co)) is contained in the Satake boundary 
component Bs(cr) (resp. 'Bs{a)). 

Corollary 2.8. Let a he an even-type (resp. odd-type) nilpotent cone and let B((t) 
he the set of all a-nilpotent orhits. Then p°^ (resp. p°'^) gives a well-defined map 
B(cr) -> B5(cr) (resp. B(cr) -^ 'Bs(a)). 

Let S be an even-type (resp. odd-type) fan. We write D-^ = Uo-es^(^)- We 
have the well-defined map 

p<=^ ■.D^^M's (resp. p°'* : D^ ^ .iTg) 

where the map restricted on B(cr) is given by Corollarv 12.81 If cr = {0}, B(ct) — D 
and p^^\d (resp. p°^\d) is the map given by taking the even-part (resp. odd-part) 
of the Hodge decomposition. Let F be a subgroup of Gi = Aut (iJz, ( , ))■ 7 G F 
gives a map from B(cr) to B(Ad (^)<j) by 

(cr, exp {acjF) k> (Ad (7)0-, 7 exp {ac)F). 

We assume that F is compatible with the fan S. Then p°'^ (resp. p°'^) is compatible 
with the action of F and we can define 



(2.6) p°^ : T\D^ ^ T\Jfs (resp. p°^ : T\D^ ^ F\jr5). 

Example 2.9. Let D be a Siegel space .J^, i.e. hP^^ = if p^O, -l. We take 
a nilpotent cone a in the open real cone r]f of [CCK[ §4]. By |CCK[ Proposition 
4.2], {W{a), F) is a LMHS if and only if F £ exp (ac)^ C ^, and 

B(ct) = exp (ctc)^/ exp (crc). 

Here the LMHS is the following type: 

(0,0) 



(0,-1) 



N 



(-1,-1) 



(-1,0) 



Then any nilpotent orbit for ,3^ is even- type, where p'^^\d = id and p°^ : B((t) — >■ 
Bs((t) coincides with the map C of |CCKl §4(3)]. By [CCK' §6] C induces the maps 
from the toroidal compactifications to the Satake compactification. 

2.4. Maps to the toroidal boundary components. For an even-type (resp. 
odd-type) nilpotent orbit {a, exp {ac)F), we have the R-split nilpotent orbit (cr, exp {ac)F). 
Let He — ®p+„=o -1 -2 ^^'' b^ ^^^ Deligne decomposition with respect to the 
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LMHS (W{a), F). We define F e ^ by 

p: even p 

p: odd p 

Now {W{a),F) (resp. (W(-a),?')) is a R-split LMHS. In fact {•,N») (rasp. 
(•, —N*)) with N a a° gives a polarization on Grg ^"^^ since i^^ = 1 if p is even and 
— 1 if p is odd. Then (cr, exp {ac)F) is a IR-split nilpotent orbit for M' (resp. J^). 
Moreover we have the following proposition: 

Proposition 2.10. p'=^(e^^/') = e^^F (resp. p°'^(e^^F) = e^^Fj forlmz > 
and N e <7° . 

Proof. Let He — ijp^-p-^ be the Hodge decomposition with respect to exp {zN)F. 



'p 

Since a is even-type (resp. odd-type), H^'~^~ = if p is even (resp. odd). Then 
by dUD 

p: even 



F'-P-i ® e^^(0 /P'-^) = e^^F" 



d: even 



(resp. p°^(e^^F)0 = e^^F^). D 

We denote by Btor (c) the boundary component for a of j?^ . For an even-type 
(resp. odd-type) nilpotent cone a, we define the map ■p°'' : B(o-) — > Btor(o') (resp. 
p°d : B(a) -> Btor(fT)) by 

(cr, exp (o-c)^) ^-^ (c^, exp (o-c)e"'F) 

where F = e F. Then for an even-type (resp. odd-type) fan E we can define the 

map 

pcv .jj^^jf^ (resp, pOd . ^^ ^ ^^)^ 

and for a subgroup T of Gz which is compatible with S we have 

p''^ : T\D^ -> r\^s (resp. p°'' : T\D^ ^ iV^j,), 
where p°'^ = id if D = ^. Now we have the map C • ^\J^ —^ ^\J^s (resp. 
C : r\M: -^ rV^s) such that 

Cop-(a,exp(ac)F) = M/(a)_2©( I"-''-') 

p: even 

= p^^(a,exp(ac)F) 

(resp. C o p°'^{a,exp {(Tc)F) = p°'^(cr, exp (crc)F)). Then we have the following 
theorem: 

Theorem 2.11. p°'^ (resp. p°'^) factors through p'^^ (resp. p°'^). 

3. The (1,1,1,1)-case 

In this section we consider the case where h^'^^^^ = 1 ifp = 1,0,-1,-2, 
fiP,-p-^ — otherwise. In this case 

G^S'p(2,M), Fo = C/(1) X C/(l), Ko = U{2), Go = P^ 
Any nilpotent cone in this case is rank 1, and its generator N is classified as follows: 
(I) N^ = 0, dim(ImA^) = 1; 



10 



T. HAYAMA 



(II) N^ =0, dim(IniA^) = 2; 
(III) N^ ^Q,N'^ = 0. 

Here type-I is even-type, type-II is odd-type and type-Ill is neither. The boundary 
components are described by |KU1 §12.3] or [GGKlj . For type-I (resp. type-II), we 
describe p°^ and p^^ (resp. p°^ and p°'^) exphcitly and show the continuity. 

3.1. Preliminary. At first we describe the period domain D. Let iJz be a rank-4 
Z-module. We define a bilinear form ( , ) by 



((ej,efe))j-,fc 



-/ 
/ 



for a basis ei, . . . , 64 of Hj^. A local coordinate of D is given by 
(3.1) 



Sym(2, C) X C -^ £i; (r. A) ^^ F{t, A) where 



F\tA) 



spauc 



T22 




T21 
1 



F'{r,X) 



spanc 




F-i(r,A)=Fi(r,A)^. 
Here Fir, X) £ D if, and only if, 

(3.2) det(ImT)<0, -i{io,Cd)>0 for 7^ cj € F^(t, A). 
Let cr be a nilpotent cone and let F be a subgroup of Gz such that 

(3.3) there exists 7 e F which satisfies a = R>o log (7). 

We write F(cr)sP = exp (crR)nF. The topology oiT{(T)^P\Da is the quotient topology 
via the map E„ -^ F(cr)sP\i:)<^ f pCUl 3.4.2]). Here E„ is the subset oi D x C such 
that 



(F, z)eE,^ 



(cr, exp {crc)F) is nilpotent orbit if z = 0, 



exp {i{z)N)F e D 



if z 7^ 0, 



where N is the generator of exp (a) n F and £{z) = log z/27rj (we may assume that 
£{z) is an one- valued function by taking a branch of log). The map E^- — > r{(T)^P\Drj 
is given by 

(cr, exp(crc)-F') if z = 0, 



{F,z)^ 



exp (^(z)iV)F (mod F(cr)sP) ii z ^ 0. 



The topology of E'o- is the strong topology in Z) x C For a fan S and a subgroup F 
of Gz which is compatible with E, the topology of T\Dj: is the strongest topology 
such that T{a)^P\Da -^ T\D^ is continuous for ah a G T,. 

We review the definition of the strong topology briefly. For an analytic space Y 
and a subset X, an subset U oi X is open in the strong topology in Y if f~^{U) is 
open for any analytic space Z and any analytic map f : Z ^ Y such that f{Z) C X. 
The following example is typical: 



Example 3.1 ([KUl 3.1.3]). Let y = C^ and X = F - {0} x C*. We put 

t/„(5„) = { (zi,Z2)eA2J |Z1|"<|Z2|, Z2^0 } 
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where A^^ is the (5„-open neighborhood with (5„ > 0. Then a fundamental system 
of neighborhoods is given by 



U{S)^\JUniSn)U{{0,0)} 



where S = {(5„}„. 

3.2. Boundaries for type-I. Let a — R>oA^ be the type-I nilpotent element with 
iV(e3) = ei and N{ej) = for j = 1, 2, 4. We write 

V 





^oH 



w 

1 



^iiv,w) 



Vv 



and define a filtration F{v,w) d D hy 

F^{v,w) = spanc{Ci(w,w)}, F°{v,w) ^ spanc{^i{v,w),(,o{w)}. 
Then 

B(o-) = { {a,exp{CN)F{v,w))\ lmv<0, weC}. 
Here the LMHS is the following type: 

(0,0) 



(1-2) 



N 



(-1,-1) 



(-2,1) 



Then this nilpotent cone is even-type. Let F = F{v,w) with Lnw < 0. Then the 
(0, 0)-component of Deligne decomposition for {W{N), F) is 

F° n Wo{N) n (F° n Wo{n) + p-^ n W-2{n)) = f" n {f° + nf°), 

which is generated by 

/ -7w \ 



e^^o{w) ~^^i{v,w) 



Re w — 7 Re v 
1 

V -7 ; 



, where 7 = 



Imti; 
Imv 



The M-split mixed Hodge structure {W{N), F) associated to {W{N), F) is given by 

F = exp (72 1tiiwN)F. 
In fact, the (0, 0)-component is generated by 

/ —7 Re w \ 

, -T ATN Rew — 7Re?; 

e = exp (7* im iwiV je = 

V -7 / 

Then for the Hodge decomposition with respect to exp {iN)F, 

ui := ^i{v, w) e H^'-^, uo := exp {iN)e G H°'-\ 
Here iJ°'^ is generated by uq and ui, and by (12.51) 

exp (X)mo = 2iiVe — 2iei, exp (X)mi = ui. 
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Then 

(3.4) P^^icr, exp {ac)F) = exp {X)H°"' == spaniel, -ue2 + 64}, 

which is contained in 'Rs{<^)- Moreover the map p°^ : B(tT) — > 65(0-) is surjective. 
Now F is given by F^ — spanc{Ci(w, w),e}. By Proposition l2.10l for Imz > 

z — ^ilvaw w 



f^{ei,v{zN)F)^e^j>{zN)F ^ ^ 

Since exp (ctc)^ — exp {ac)F, we have 

p'=^(CT,exp(CTc)F) = (cr,exp(crc)-F). 

We define a fan 

I]ev = {Ad(5)a|5eGz}. 



Then Scv is the fan of all nilpotent cones of even-type by |KU[ §12.3]. Let F be a 
subgroup of Gz which is compatible with T and satisfies the condition (J3.3D for any 

Proposition 3.2. p''^ : T\D^^^, — > T\J^^^ is continuous. 

Proof. It is suffice to show the continuity around the boundary point (a, exp {ac)F{v, w)) 
in r\I?s^^. We write 

F ^ F{v,w), Co=Co(w), ^i=^i(v,w), 

and we assume F = F, i.e. Imw = (it is similar to show the continuity for 
F ^ F, and we omit the proof of it). A neighborhood of (a, exp {ac)F) in T\J^^^ 
is written as 

(3.5) {exp {£{z'^)N)F{z') \ z' e A^, z[ 7^ 0} 

U {exp {<7c)F{z') I z' e At, z\ = 0} 

for sufficiently small e > where 

F{z')^F^^ 

We describe neighborhoods of (ct, exp (crc)-F) of T\Dy,^^, and show that there is a 
small neighborhood whose image through p"^^ is contained in the above neighbor- 
hood (iX5|) . 

A neighborhood of the boundary point (a, exp {ac)F) in r\Z?s^^ is given by E^- 
and the map (p : E^ — >■ T\D^^^. It is suffice to show p°^ o is continuous. We 
describe a neighborhood of (F, 0) e E^ C -D x C Let A be a small open disk. By 
(|3.ip an open neighborhood of -F in £> is given by 

A^-^^; (zi,...,^4)^F(z) 

where F^{z) = span^ {6 + 6*1(2) -I- Z4 (Co + 6io(z))} , 

F°(z) = spanc {6 + 0i(^), Co + ^o(^)} 

where 



Oo{z) 



(zA 




(Z2\ 


Z2 




, 0,{z)^ 


Z3 




V) 




\o/ 
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Then we have an open neighborhood A^ ^-> DxChy {zi, . . . , z^) i— > (i^(zi, . . . , Z4), Z5). 
Here 

tj?f ^ ^ ^ p ^ 1^4 = if Z5 = 0, 

l^exp {£{z5)N)F[zi, . . . , Z4) e Z? if 2:5 7^ 0. 

For Z5 7^ 0, we write 

770(2) = e^(^^)^(eo + Ooiz)) = e^(^=)^Co + ^0(2), 

,;i(z) = e^(^=)^(a + 0,{z)) + Z4Vo{z) = a + di{z) + Z4Vo{z). 

Then 

e^(-=)^Fi(z) = spanc{r,i(z)}, e'^^^^^F^z) = spanc{r,i(z), rjoiz)}. 

If zi, . . . , Z5 — > provided that |z4| log \z^\ — > 0, we then have the convergences 

(3.6) r;i(z)^a, 77o(z) ~ e^(-=)% ^ 

imi^lviiz)) ^ (6, a), (^^,%(2)) - (er,e^(^^)~eo) ^ 0. 



Here 

Then 



e^(^=)A'Fi = spanJCi}, e^^-)^^" = spanj^i, e^^-^^^l- 



e^(-^)^F(z) - e^(-^)^F ^ 

if zi, . . . , Z5 — T' provided that |z4| log jzsj -> 0. Therefore, by the conditions p.2p 
ofD, 



Un{Sn)^\ (Z1,...,Z5)€ A5 



if Sn is sufficiently small for n > 1. Here C/n((5n) is a small neighborhood of 
|g^(^5)A'^ I jzsl < Sn}- By Example 13.11 and the definition of strong topology, 



Ui^)= (Uf^"('^")) u{zeA^ 



24 = 25 = 0} 



is an open neighborhood of (0,F) in the strong topology of E^r making 5 = {Sn} 
and A sufhciently small. 

Next we show p''^(e^^^^-'^F(z)) approaches e^*^^^^^F if zi, . . . , Z5 — > provided 
that z € t/„((5„), i.e. |z4| log |z5| — >• 0. For the Hodge decomposition for e^^^^)^F(z) 
with (zi,...,Z5) e Un{Sn), the (1, — 2)-coinponent is generated by 771(2) and the 
(0, — l)-component is generated by 



aiz) = (77i(z),?7o(z)) 771(2) - (7^1 (z), 7/1 (z)) 770(2) 



since 771(2) ± a{z). Then 

^cv(g£(..)iv^(^)) = spanc{^^,a(2)}. 

We write 

/3(^5) = (6,e^(^^)^eo) 6 - (?r,a) e^'^^^Co, 
which is in the (0, — l)-componcnt of the Hodge decomposition of e^'^^'^-'^F. Then, 
by Proposition l2.101 

spancte,/3(^5)} =P°^(e^(^=)^F) = e^(^=)^F. 

By the convergence p.6|) we have 

771(2) ^Ci, a{z) - (3{z5) -^ 

if 2i, . . . , 25 — > provided that 2 e Un{Sn), moreover we have 

p--(e'^-^^)NF{z)) - e^(-^)^F ^ 
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in the upper half space. Then U{S) is contained in the neighborhood p.Sp if (5„ is 
sufficiently small. D 

Corollary 3.3. p'^^ is continuous. 

Remark 3.4. The Gz(B5(cr))-adniissible polyhedral decomposition f jCCKi Defi- 
nition 6.f]) is the fan {cr, {0}}. Then for a F-admissible decomposition Etor ( jCCKi 
Definition 6.2]), we have the injection Eov ^^ Etor- Therefore we have the following 
commutative diagram: 




r\^^E. 



r\j^s 




r\^s.„ 



3.3. Boundaries for type-II. Let a = W>oN be the type-II nilpotent cone with 
Nes — — ei and Ne^ i— ?> —me2- We write 

( -'\ / M 



it 



±iy/rn ±, , _ w 

' ^1 ^'^> ~ ±i^ 

V ; V 1 y 

Then for z € C 

Ni^{w) = ±i^it^ itH ± ztV^^t = exp izN)Ct{w). 
We define a filtration F±{w) & D hy 

F^H = spancte^H}, F°^{w) = spancte^H,^o^}. 
Then 

B(cr) = {(cr,exp(CiV)F+(u;)) | w e C} U {{a,exp{CN)F^{w)) \weC}. 
The LMHS of this type is described as the following diagram: 

(1-1) (-1,1) 



N 



(0,-2) 



N 



(-2,0) 



Then this nilpotent cone is odd-type. 

Let F = F±{w) and a — M.>qN. Then the (1, — l)-component of the Deligne 
decomposition of {W{N),F) is generated by ^j^(w), and the (—1, l)-componcnt is 

F~i n (F^ + F° n W-2{N)) = F-^ n (f^ + nf^), 

which is generated by 

= ^2iy/m ^f (w) + 2ilmw ^^ 



— / Iniu) , \ —at: — r 

= =F2^V"^exp iN £T{w). 

\ m J 

The M-split MHS {W{N),F) associated to {W{N),F) is given by 

F = e.p(^^^^N]F 
\ 2m 
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In fact, the (1, — l)-coniponcnt is generated by 

\ 2m J 

and the (—1, l)-component is generated by 

flvaw \ . — / Imui ,^\ —r-. — r 

uj = exp iN a; = =F2«V"^6xp iN t,f(w). 

\ 2m J \ 2m J 

Then the Hodge decomposition for exp {iN)F e Z? is given by 

ui = exp {iN)i e i7^'~^ uo = exp {iN)6j e iJ"^^°. 

Here H°'^ is generated by ui and uq, and by (|2.5I) 

exp {X)ui = 2iNi, exp (X)mo = 2iiVcZ;. 

Then 

p°'^{a,exp{<Jc)F) = exp(X)if°'i = spaniel, ea}, 



which is contained in 65(0-). Moreover the map p°'^ : B(cr) — ?► Bs('t) is surjective. 
Now F G M' is given by F° = span^j^, a)}. By Proposition l2.10l for Im z > 

p-(exp(.A.)^).exp(ziV)F= \^, ReJ^rnz ' 

\ 2\/m / 

Since exp {(Jc)F ~ exp (a<c)F ^ we have 

p°'^(a,exp(ac)F) = (a, exp (f7c)F). 

Here p°'^ is not surjective. 

Now we write Um = ^>Q^m with N^ea = —ei and NmCA ^-^ —me2 where m, is 
square-free positive integer. We define 

Sod — {Ad {g)am \ g G Gz, tti : square-free positive integer}. 

Then Eod is the fan of all nilpotent cones of odd-type by |KUI §12.3]. Let F be a 
subgroup of Gz which is compatible with T and satisfies the condition l\3.3\i for any 

a e Eod- 

Proposition 3.5. p°'^ : T\D^^^ —> r\J^^ is continuous. 

Proof. As in the proof of Proposition [3^ it is suffice to show the continuity around 
the boundary point {am,exp{o'm.c)F±{w)) in T\D^^^. We write 

cr = cr„i, F ^ F±{w), ^0 = ^0, 6=^i^(w'), 

and we assume F — F, i.e. Imw = (it is similar to show the continuity for 
F y^ F and we omit the proof of it). We describe neighborhoods of {a, exp (crc)F) 
of r\D5]„d, and show the continuity. 

A neighborhood of a boundary point (ct, exp {ac)F) in T\Da- is given by E^, and 
the map (p '■ E^ — ?> r\D^^^. It is suffice to show p°'^ o </> is continuous. We describe 
a neighborhood of {F, 0) £ E^^ C D x C An open neighborhood oi F in D is given 

by 

A*-^^; {zi,...,Z4)^F{z) 

where F'^{z) = span^ {^1 + 6*1(2) + Z4 (^0 + 6*0(2;))} , 

F^{z) = spanc {6 + Oi{z),^o + Oo{z)} 



16 



T. HAYAMA 



where 



Uz) = 



Zl 



lW- 



Z3 
Z2 



Then we have an open neighborhood A^ '-^ Z)xC by (zi, . . . , Z5) H' (i^(zi, . . . , Z4), Z5). 
Here 



{F{zi,...,Zi),Z5) e E^<^ 



Zl = Z2 =0 



if Z5 = 0, 



^exp {£{z5)N)F{zi, ...,Zi)€D if zg ^ 0. 
For Z5 7^ 0, we write 

Vo{z) = e'^^-^^i^o + 0o{z)) = Co + e'^^^'^^Ooiz), 
,7i(z) = e^(^=)^(a+0i(z)) + Z4r7o(^). 
Then 

e^(.5)Af j,i(^) ^ spanc{r,i(z)}, e^(^^)^F°(z) - spanJ^yiCz), r,o{z)}. 
If Zl, . . . , Z5 — > provided that |zi| log jzsl -^ and |z2| log jzsl ^- 0, then we have 
(3.7) 77iW-e'^'=^%^0, Voiz)^^o, 



(ryi(z),77iW) - (e^(^^)^Ci,e^(^=)%) ^ 0, 



Here 



Then 



(,7i(z),,7oW)^(e^(^«)^6,eo) = (6,eo), 



g£(.,)jv^i ^ spanc{e^(^^)^a}, e^(^^)^F° = spanc{e^(^=)^6,eo}. 



^(^=)^F(z) - e^(-^)^^ ^ 



if Zl, . . . , Z5 — ^ provided that |zi| log \z^\ — > and |z2| log jzsl — ;> 0. Therefore, by 
the conditions (13.21) of 13, 



C^n,m('5„,m) = <{ (zi , . . . , Z5) € A^ 

topology, 



|zi|" < Izsl, |z2r" < |Z5| 



CE, 



\zi\,\z2\, |Z5| < (S„,„, Z5 7^ 

if (^n.m and A is sufhciently small. By Example 13.11 and the definition of strong 



U{S) = I U Un,m{Sn,m) j U {z G A^ | Zl = Z2 = Z5 = 0} 

is an open neighborhood of {F,0) in Ea- for 6 = {dn,m}- 

As in the proof of the case for even-types, we can show that 

if Zl, . . . , Z5 — ?> provided that z G Un.m{Sn,m)- Then p°'^ o <j)[U{6)) is contained in 
the open neighborhood (|3.5p if Sn,m is sufficiently small. 

D 

Corollary 3.6. p is continuous. 



Remark 3.7. A Gz(B5(cr))-admissible decomposition S does not contain a in this 
case. Then we do not have the diagram like Remark [ 
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